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Phonons: recommended books

EIGHTH EDITION

Introduction to
Solid State Physics

CHARLES KITTEL

C. Kittel
Introduction to Solid-

State Physics
Wiley (2004)

Springer Series in

Solid-State Sciences 34
THE

PHYSICS

P Bruesch

Phonons: Theory
and Experiments |

Lattice Dynamics
and Models of Interatomic Forces

PHONONS

2.
@s

Springer-Verlag Berlin Heidelberg New York

P. Bruesch G. P. Srivastava
Phonons: Theory and experiments The Physics of Phonons
Volumes 1, 2 Taylor & Francis (1990)
Springer (1982)

Dynamical Theory of
Crystal Lattices

M. Born, K. Huang
Dynamical Theory of Crystal
Lattices

Oxford University Press (1954)



Early developments of the lattice dynamics
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Lagrange  Dulong Cauchy Weber Einstein
(1759) Lagrange: Equation of motions for a continuous string

(1819) Dulong and Petit: Measurement of the specific heat for 13 solids
Dulong-Petit law : The product of the atomic masses and the specific heat is (roughly) a constant.

(1827) Cauchy: Dynamics of mass points with forces between them

(1875) Weber: The specific heat of Si, B, C deviates from the Dulong-Petit law.
(1907) Einstein: Theory of specific heat: including atomic motion

(1911) Debye: Theory of specific heat: including collective atomic motion

(1912) Born-van-Karman: Modern theory of phonons in a periodic 3D lattice



Early theory of specific heat

The Dulong-Petit Law: ¢, (') =
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The Einstein model of the specific heat

@

Each atom — harmonic oscillator
‘ Frequency wy

‘ Bose-Einstein statistics

n(T) — [eha)E/kBT _ 1]—1

@

)
)

Vibrationa! energy U(T) = Z hopn(T)

of the oscillators

2
Specific heat o(T) = QU(T)/OT =3Nakn (£25) —

| = The model reproduces the low and high-temperature limit

Atom vibrations determine the temperature

New paradigm: -
dependence of the specific heat

0
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Part 1

Phonons: from 1D to real materials



Rigorous formulation: the many-body Hamiltonian

A

H = Te T Tn T ‘A/e—e T Ve—n -+ Vn—n

Kinetic energy
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The Born-Oppenheimer approximation

The Born-Oppenheimer
approximation:

electrons (fixed nuclei)

Wy(r, R) ~ ¥y, (r; R)xus(R)

nuclei (fixed electrons)

H 4 (r) = B4 (r) H™ Xus(R) = By Xus(R)

Density functional theory (DFT):

Electron band structure (Copper)

Energy (eV)

-10

4

/

® O H N O 9N
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Wavevector

Figs.: Giustino, Materials Modelling using
Density Functional Theory (2014)

@ Hohenberg and Kohn, Phys. Rev. (1964)
n (f) \Ij Kohn and Sham, Phys. Rev. (1965)

phonon dispersion (diamond)

electron-phonon interactions
(beyond the Born-Oppenheimer
approximation) | R X A r 4 [

Wavevector

Exp.: [1] Courths, and Hufner, Phys. Rep. 112, 53 (1984)
[2] Warren et al., Phys. Rev. 158, 805 (1967)



The lattice Schrodinger equation (or equation of motion)

Quantum

Classical

Nuclear Schrodinger equation

e XVS(R) = Es XVS(R)

nuclear kinetic potential energy
energy surface (PES)

Quantum Classical
Classical problem: picture > picture

OU(1R})

aRI Equivalent in the Harmonic approximation

MIRI —



Atomic displacements in a (1D) crystal lattice

One-dimensional case

(Born-von-Karman boundary conditions) |
. e 1 atom per unit cell

—i N unit cells (periodically repeated)

2
-1 7 7+1 749 I-1 /i I+1 [+2
3D case has more complex notation, but otherwise equivalent éS

R ur (Ky) a

—0—0 0 00— R

I-1 | [+1

Nuclei at equilibrium Displaced nuclel
{R;} Ry + u;}
U;  displacement from equilibrium ‘
U(LR;}) UGR; + ur})

RI atomic position at equilibrium

—>

Classical equation of motion /5 _ JU({R}) Mii — oU({u}) Our goal: solve the lattice
(Newton's law) I OR, ™1 ou; equation of motion



The harmonic approximation

Central ingredient: The potential energy surface U({R}) = U(R,, R,, ..., Ry) i, = JUR})
Highly-dimensional and very complex to handle (approximation needed) ouy
If the displacements {u;} are small ... we can Taylor expand the electronic ground-state energy
U({RI + u,}) = Uy({1R;}) Harmonic approximation (not valid for liquids/gases)
Smmmmm——— i
|« U |
1st order exactly zero at U=~UY=U+= ), oy
 H 2 l aulal/l] :
equilibrium IJ
i ”I:(:
2nd ] f 0°U
order +— U, second-order force ®,, =
2 £ 7 Ou;0u,; constant matrix (2FC) ou;0u;
u;=0 u;=0
neglected 1
1J
u;=0
(h)
Lattice equailtion of m_otiop in F, = Mjii, = oU({u}) —p M, =
the harmonic approximation ou; ou;




Dynamics of a 1D lattice in the harmonic approximation

Mii; = Z D, u, A second-order differential equation for the displacements

Ansaiz for the displacement.

Most general function that: ! igR —iw,t Key quantities:
(i) satisfies the EOM Up=Mg€ € \ . » Phonon frequency @,
(i) obey the boundary conditions == =7=°° . time

o Phonon eigenvector u,
(iii) not an approximation Bloch form  periodicity

2@@‘

— —— Dynamical matrix: () = 2 M~®,,e4R=R) = gsin(ga)
wave vector g = 2n/A _ |
wave length A = L/n  withn = {1,2,...,N) Secular equation (can be solved to obtain w, and u,)

[D(q) — 0]lu,=0 —» ;= D(q)

The problem is most easily solved by considering the collective motion of the ions (i.e., a phonon)



Phonon dispersion for the 1D chain

My M, Summary of phonon calculations (1D chain)
5 Y SR T8 R %) T+l I+2 ©) M, = OU({R})  lattice EOM
Uy =
0
1D chain with 1D chain with i
Identical atoms different atoms 3
Mii; = Z Dy u;
J
Second-order 0*U
optical force constant D)y = D
w(Q) _/\ Mo ;=0
_ igR, ,—iwt
acoustic Up=u,c€ e
w(q)
-7 /a mom -7t /a

Acoustic modes vanish at g=0 (equivalent to crystal translation)

1D 3D
In general: Nph = Nytoms Nph 3N,

atoms




Classification of lattice vibrations

e Acoustic phonons: in-phase vibrations of the atoms in the unit cell Symmetry classification
based on group theory

* Optical phonons: out-of-phase vibrations of the atoms in the unit cell

(at least 2 atoms per unit cell are needed)

* Transverse phonons: displacement perpendicular to propagation
* Longitudinal phonons: displacement parallel to propagation

Dresselhaus,
Group Theory: Applications to the
Physics of Condensed Matter

* Transverse Optical (TO) * Transverse Acoustic (TA) |
 Longitudinal Optical (LO) - Longitudinal Acoustic (LA) Springer



Phonons: from 1D to 3D

e N unit cells

* Ny atoms in a unit cell {R[} — {R[ = u[}
3 spatial dimensions

The potential energy surface
second-order force

constant matrix

In1D:  UPRy, -+ Ry) = Uy + = Zauau
1YY

K = atom index
P = cell index

©P=1 ©P=2 ©p=3

Born-von-Karman supercell

In 3D: U(h)(RlaRZ’ ) = Uy "% Z 2 2 ou.,ou,. .,

kap”“'a’p’

Straightforward generalization from 1D to 3D



Summary of phonon calculations (1D chain) Phonon calculations in 3D crystals

oU({R}) Lattice EOM oU({R)) Lattice EOM

@ Mli/il — au] @ MKi/iK‘ap — ou

Kap

MMI — Z (I)IJ l/tJ MMKap — Z (I)Kap,lc’a’p’ l/lK./a/p/
J Kap

Second-order Second-order PU

force constant D force constant D —

kap,K'a'p’ —
6umpau,</a/p

/

@ I oylom! .
Z Kap,K'a'p e’(I(Rp_Rp’)
M M.

Kap K K

= Uy e' R ¢

—lﬁt)qlL

Secular equation
(eigenvalue problem, easy solution)

K : atom index
p : cell index

o : cartesian coordinate



Part 2

Experimental measurements of the
phonon dispersion



Phonon dispersions from Inelastic neutron scattering

Bragg
reflection
o
O
Incoming Outgoing E‘j
neutron neutron -
Eo, ko k1, ki ' q '
Eo, Ko
Ei. ki | \ COUNTER
phonon
momentum and ko =ki1 +q ===  momentum
energy conservation g, — F, 4 N ey PHONON Bertram Brockhouse,
energy Nobel prize in Physics 1994

"for pioneering contributions to
the development of neutron
scattering techniques for
studies of condensed matter”

Brockhouse et al., Phys. Rev. 111, 747 (1958)



Phonons In solids: elemental semiconductors and metals

FREQUENCY -V (10'2sec™
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diamond-like
crystal structure

2 atoms per unit cell = 6 phonon modes
symmetry — degeneracies (only 4 modes visible)

* _ongitudinal Acoustic = LA
e Transverse Acoustic = TA

Phys. Rev. 111, 747 (1958)

 Longitudinal Optical = LO

e Transverse Optical = TO
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80; I ! ] T 1
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Brockhouse et al. Svensson et al.

Phys. Rev. 128, 1099 (1962) Phys. Rev. 155, 619 (1967)

1 atoms per unit cell - 3 phonon modes

 _ongitudinal Acoustic = LA
e Transverse Acoustic = TA



Phonon dispersions of GaAs
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Points: experiment
Lines: parametrized model (12-14 parameters) Strauch et al., J. Phys. Cond. Mat. 2, 1457 (1990)



Phonons in experiments: Raman and Brillouin scattering

Raman

Nobel prize in
Physics 1930

Stokes Anti -Stokes
*w
LASER ini ==
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o | Ql_
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. ﬂ PHOTOMULTIPLIER

DOUBLE GRATING SPECTROMETER

16 15 14 13
STRIP COUNT PREAMPLI-
CHART RATE DISCRIMINATOR FIER+
RECORDER| |METER AMPLIFIER

"PHOTON COUNTING" ELECTRONICS

Zinc-blend structure

ol

100

ZnS (Cubic)

2f
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5220
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5240 A(R)
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5200

Brafman, Phys. Rev. 171, 931 (1968)

F. Caruso - CAU Kiel



Phonons in experiments: Reflectivity measurements of polar semiconductors

REFLECTIVITY (PERCENT)

E,
thin dielectric

film\
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Jasperse et al, Phys. Rev. 146, 526 (1966)
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M. Hass, Semiconductors and Semimetals 3, 3 (1967)

F. Caruso - CAU Kiel


https://www.sciencedirect.com/science/journal/00808784

Phonons in experiments: Diffuse and elastic X-ray and electron scattering

I B-Agl

POINT FOCUSSING

MONOCHROMATOR BEAM

SAMPLE STOP

IS, T\, -elastic scattering
PR (Bragg peak)
SLIT
X-RAY SOURCE 1 \ diffuse scattering

FILM (phonon-assisted)

Beyeler et al. Phys. Rev. B 18, 4570 (1978)

| A— a S 9 VM s .—:—' | o Ao o % ¢ % , »
@1 [t=2psf g o5 | © ~E=10'ps] e S Ultrafast electron-
R (200) o R ST 730 - et o diffuse scattering
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Seiler, Caruso et al. Nano Lett. 21, 6171 (2021)

F. Caruso - CAU Kiel



Part 3

Towards ab-initio calculations of phonons



Back to theory: Phonon calculations in practice

Quantities of interest « phonon frequency @, » thermal conductivity

for the lattice dynamics | « phonon eigenvector ugy * electron-phonon interactions
o phonon lifetimes Tqw

* influence of phonon in spectroscopy

Directly available f_rom [D(q) — 0)2] ut =0 We need the second-derivatives of the potential energy surface
the secular equation o
azU ¢ : ' ! . _ ,
(DKO!P,K’OC’p’ = D(g) = Z TP pAR,R,)
auk@tpﬁulc’o/p’ Kap \/MKMK’

40 P&

Before ab-initio methods: Phenomenological models

30 |-

20 |-

Frequency [THz]

{ |phonon i
dispersion of
diamond

A L L K \\ X

10 |-

Shell 1 Shell 2

Problems: ° highly-parametrized

e not predictive (need experiments) '

Yu, Cardona, Fundamentals of Semiconductors, Springer



Phonon calculations from first principles

Potential energy surface from Density
functional theory (formally exact theory)

7,7
U(R) = E9[n] + — Z . e ‘
I J

Y "

electronic energy nuclear Coulomb energy

Option 1: Finite differences

oF

Kap

xap,k'a'p’
ou.
K'a'p

()

6_F B F(u+ Au) — F(u)
- Au

F(u) F(u + Au)

[A Very stable algorithm
[ ] High computational cost
[ ] Requires many DFT calculations for large supercell

How to calculate the second derivatives?
0*U

kap,k'a'p’
aukapﬁuk’a p’

()

Option 2: Density functional perturbation theory

REVIEWS OF MODERN PHYSICS, VOLUME 73, APRIL 2001

Phonons and related crystal properties from density-functional
perturbation theory

Stefano Baroni, Stefano de Gironcoli, and Andrea Dal Corso

SISSA-Scuola Internazionale Superiore di Studi Avanzati and INFM-Istituto Nazionale di
Fisica della Materia, 1-34014 Trieste, llaly

Paolo Giannozzi*

[A] Does not requires supercell.
[ ] More difficult to converge



Phonon calculations from first principles: DFPT vs finite differences

2500
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Frequency (cm'l)
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500

H. Shang, Comp. Phys. Commun.

Graphene

~
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~
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fir

1te-difference ©
DEPT  —

Flexural phonons

215, 26 (2017)
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Phonons in polar semiconductors and long-range electric fields

Lattice vibrations are coupled to macroscopic
electric fields in polar semiconductors

OO0 10|0O|0O|z,>0

UC ¢ - ® ® C ®

Lattice contribution
to the polarization

dre
co O Z 7"\,

I

and qXE=0 = E=q(q-E)

@ q-D=0

Replace E into F,

7 | q-€x°q

Polar materials: materials with
finite Born effective charges

Zr =

K

«+

<+

<+

oP

oR

K

Electric fields must be included in
the lattice equation of motion

J

) Z'E

I

+++ ++

Displacement

74
Parallel plate

capacitor




The non-analytic part fo the dynamical matrix

Energy (cm
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0 | | | | | | | | L | | | | i
0O 010203040504030201 0 0.10.20.3040.5

q, (r.lL.u.)

5 (Z7 -9)(q-Z]) N i) 2

I

7o) (q- Z*)

q-€x°q ] €0

Phenomena associated to polar semiconductors (and to CI)(na))

e LO-TO splitting

2 0
. @10 €
Lyddane-Sachs-Teller relations = —
o a)z 800
TO

e Absorption of infrared light (Rehstrahlen bands)
* Modern theory of polarization in ferroelectrics
* Frohlich electron-phonon coupling

e Polarons

X. Gonze, C. Lee Phys. Rev. B 55, 10355 (1997)
S. Baroni et al, Rev. Mod. Phys. 73, 515 (2001)

120

(d)
’ TiOs
X P




Limits of the approximations involved

@ Adiabatic (Born-Oppernheimer) approx. @ Harmonic approximation

Assumption: timescales of ionic motions

much slower than electronic timescales timescales of Eo({R;r+ui)=Eo({R L Z
: 0 I + ’LLI’U,]/
electron dynamics (1F1}) 2 8uf5’uf/
i 2m 27
timescales of - _ ~ 50 — 200 £ _ 1 SF
. . . h — - S Te — —— 1 . — 0 U T
onic dynamics  Wph T Wyl Assumption: T2 S WU

insulators metals |doped insulators

Phenomena beyond the harmonic approximation:
wp) | 10-20 eV 5-10 eV 10-100 meV

* Phonon-phonon scattering
Te <1fs <1fs 50 -200 fs « Thermal expansion
Y / Y -'II\'IwermaI lclz_gn_duct(ijvity | A
Te < Tph Te ~ Tph » Non-equilibrium dynamics of the lattice

* Ferroelectricity, piezoelectricity

Phenomena beyond the adiabatic approximation:

* Phonon "damping"” due to electron-phonon scattering
* Non-adiabatic renormalization of the phonon energies



Beyond phonons: Breakdown of the harmonic approximation

High-symmetry, A-SDM — Disordered = =
D 10 g

Perovskite structure ABOs3

0.5

0.25

Energy (meV)
ol

high-symmetry locally disorder

X R M R
- Anharmonic effects can become important in "soft" crystals anharmonic effects become dominant

» Structural disorder can alter the vibrational spectrum
* Does it make sense to talk about phonons?

M. Zacharias et al., arXiv:2302.09625 (2023)



Beyond phonons: Breakdown of the adiabatic approximation

diamond (undoped)

Phonon softening in B-doped diamond

B-doped diamond

superconductivity for

a | | |
A

——0GPa
| —— 2.8 GPa

T<T,=4K

5

150
T (K)

!
100

! !
200 250

Ekimov et al., Nature 428. 542 (2004)

Phonon Energy [meV]
-
c S S

-

[—
AN
—

fi~::92
i n=14-10 |
F B ‘\ -
(b) undoped

L I X

Phonon momentum

Non-adiabatic

phonon damping \

EXxp.: Ineastic X-ray scattering

Theory: many-body electron-
phonon coupling

experiment

present theory

undoped

{c

=

[l
()
—_—
-
(\o
-

n=14-10%
I'(0)

X(2*.0.0)
Phonon momentum

X (%£,0,0)
Phonon momentum

I'(0)

F. Caruso, M. Hoesch, P. Achatz, et al.,, Phys. Rev. Lett. 119, 017001 (2017)



Phonon visualization

1. https://henriquemiranda.github.io/phononwebsite/phonon.html

2. https://interactivephonon.materialscloud.io/



https://henriquemiranda.github.io/phononwebsite/phonon.html
https://interactivephonon.materialscloud.io/

Summary: introduction to phonons

* I— Theory of phonons in crystalline solids

. e Xvs(R) = Es xus(R)

Phonons in experiments

(10'2 ¢ps)

FREQUENCY

Ab-initio calculations of phonons in solids
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